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Abstract. Asymptotic formulas for scattering fields of arbitrarily oriented magnetic 

and electric dipoles located on axis of a semitransparent disk were obtained using the 

Kirchhoff approximation and the stationary phase method. Expressions for the front-

to-back ratio of magnetic and electric dipoles oriented parallel to the disk were 

obtained. Optimization of the disk’s transparency was performed to reduce the back 

radiation of a magnetic dipole oriented parallel to the disk. Radiation patterns were 

calculated using the asymptotic formulas and a numerical solution of a singular 

integral equation. 
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Introduction 

Dipole, monopole and patch antennas are mounted on a perfectly conducting 

disk to reduce the back lobe [1-22]. Asymptotic formulas for a scattering field of 

arbitrarily oriented electric and magnetic dipoles located on axis of a perfectly 

conducting disk were obtained in [22]. A semitransparent disk can be used to 

decrease the back lobe and the front-to-back ratio in comparison with a perfectly 

conducting disk of the same radius. Asymptotic expressions for a scattering field of a 

plane wave by an isotropic resistive semitransparent disk are available in [23]. 

Scattering of an electric monopole field by an isotropic resistive semitransparent disk 

was researched numerically in [24]. Scattering of a patch antenna field by a 

semitransparent disk with anisotropic inductive impedance was considered in [25] 

using numerical solving of an integral equation. In papers [24, 25] distributions of 
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transparency were synthesized to decrease the back lobe of the antennas on a 

semitransparent disk in comparison with the same antenna on a perfectly conducting 

disk of the same radius.  

The first purpose of the present paper is to derive asymptotic expressions for 

scattering fields of electric and magnetic dipoles located on axis of a semitransparent 

disk. The second one is to find an optimal transparency of a disk using asymptotic 

expressions to minimize the back radiation of a magnetic dipole oriented parallel to 

the disk. The numerical solution of this problem is used to check the accuracy of the 

asymptotic solutions.  

Let us consider a dipole oriented parallel and normally to the disk (Fig. 1). It is 

enough to determine the field of the arbitrarily oriented dipole. The semitransparent 

disk is characterized by reflection coefficients ( )ρηρ
H , ( )ρηφ

H

 
and transmission 

 

coefficients ( )ρτ ρ
H , ( )ρτφ

H

 
for meridional and azimuthal polarization of a magnetic 

field, respectively. In general case this coefficients depend on radial coordinate ρ and 

the incidence angle ( ) 






+=
ρ

πρθ h
inc arctan

2
. In this paper we assume that 

( ) ( ) 1
22

≤+ ρτρη φφ
HH  and ( ) ( ) 1

22
≤+ ρτρη ρρ

HH .  

In the paper [21] it was shown that the Kirchhoff approximation provides a 

good agreement with the exact solution for a scattering field of a magnetic current 

ring mounted on a perfectly conducting disk. Therefore, we use the Kirchhoff 

approximation to determine the scattering pattern of the dipole located on an axis of a 

semitransparent disk. The asymptotic expressions for the scattering pattern derived 

separately near and far from the axis Z. We use the stationary phase method in a case 

of stationary point far from end point [26] to evaluate asymptotically the Kirchhoff 

integral for angles near the axis, and stationary phase method in a case of stationary 

point near end point [27] for angles far from the axis. 



JOURNAL OF RADIO ELECTRONICS, N5, 2014 

3 
 

 

Fig. 1. The dipoles on axis of the semitransparent disk 

  

1. Fields of the dipoles in free space 

Let us consider a perpendicular magnetic dipole  

( ) ( ) ( ) ( ) ,,, 0
1 zzyxmzyxj zm

��

δδδ=                                                                                  (1) 

and a parallel magnetic dipole 

( ) ( ) ( ) ( ) ,,, 0
2 xzyxmzyxj xm

��

δδδ=                                                                                  (2) 

where, x, y, z are Cartesian coordinates; 0z
�

 and 0x
�

 are the unit vectors in direction of 

the Z-axis and the X-axis, respectively; δ(x) – is the Dirac delta function; mz, mx – are 

moments of the magnetic dipoles. 

Radial ( )φθ ,,rH r , meridional ( )φθθ ,,rH  and azimuthal ( )φθφ ,,rH  

components of magnetic field of the magnetic dipoles in free space are   
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in a case of the perpendicular magnetic dipole, and 
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in a case of the parallel magnetic dipole. Here, r, θ, φ  are spherical coordinates; 

1−=i ; λπ2=k ; λ is wavelength; π1200 =W . 

Let us consider a perpendicular electric dipole 

( ) ( ) ( ) ( ) ,,, 0
1 zzyxpzyxj ze

��

δδδ=                                                                                   (5) 

and a parallel electric dipole  

( ) ( ) ( ) ( ) .,, 0
2 xzyxpzyxj xe

��

δδδ=                                                                                   (6) 

Here, pz, px – are moments of the electric dipoles. Components of the magnetic field 

of the perpendicular and parallel electric dipole in free space are respectively 
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2. Scattering field in the Kirchhoff approximation 

Let us define the asymptotic expressions for azimuthal ( )φθφ ,,rH Σ  and 

meridional ( )φθθ ,,rH Σ
 components of field in far zone of the electric and magnetic 
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dipoles. The dipoles locate on the axis of the disk of radius R on distance h above the 

disk (Fig. 1). These expressions in the Kirchhoff approximation are 
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In (9), (10) the variable 1−=ξ  for the perpendicular magnetic dipole or the parallel 

electric dipole. The variable 1=ξ  for the parallel magnetic dipole or the 

perpendicular electric dipole. Radial ( )φρρ ,ej  and azimuthal ( )φρφ ,ej  components of 

an electric current of semitransparent disk are determined using a boundary condition 
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The radial ( )φθ ,,rH r , meridional ( )φθθ ,,rH  and azimuthal ( )φθφ ,,rH
 
component 

in (9)-(11) corresponds to the radial, meridional and azimuthal component in (3), (4), 

(7) or (8) of analyzed dipole 1mj
�

, 2
mj
�

, 1
ej
�

 or 2
ej
�

, respectively. Components of field in 

far zone of rings of radial and azimuthal electric currents of radius ρ are  
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Here ( )uJm  is the Bessel function of order m, 0=n  for the perpendicular magnetic 

and electric dipoles, and 1=n  for the parallel magnetic and electric dipoles. 

 

3. The asymptotic expressions of field near the axis 

We assume that reflection and transmission coefficients are slowly varying 

functions. We use the stationary phase method [26] in a case of stationary point far 

from the end point to evaluate asymptotically the integrals (9), (10) near the axis. In 

this case the contribution of stationary point and the end point calculate apart. The 

asymptotic expressions of field near the axis are 
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for the azimuthal component of field, and 
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for the meridional component of field. The azimuthal ( )φθφ ,,rH
 
and meridional 

( )φθθ ,,rH  component in (13), (14) corresponds to the azimuthal and meridional 

component in (3), (4), (7) or (8) of analyzed dipole 1
mj
�

, 2
mj
�

, 1
ej
�

 or 2
ej
�

, respectively.  
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Scattering fields in far zone for the angles near the axis in the Kirchhoff 

approximation are 
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for the parallel magnetic dipole, and 
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for the parallel electric dipole.  

4. The asymptotic expressions of field far from the axis 

We use the asymptotic representation of the Bessel function in (12) when the 

argument is large and the stationary phase method [27] in a case of a stationary point 
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near the end point to evaluate asymptotically the integrals (9), (10) far from the axis. 

The asymptotic expressions of field far from the axis are 

( ) ( ) ( )

( ) ( )

( )( ) ( ) ( )( ) ( ) ( )

( )( ) ( )( ) ( ) ( )( ) ( )( )( )[ ](
( )( ) ( )( ) ( ) ( )( ) ( )( )( )[ ])

( ) ( )

( )( ) ( )( ) ( )( ) ( )( ) ,
coscoscoscos

,
2

,
sin2

cos

~
1

~

~
1

~

,,
sin

cos

2
tan

2
tan

2
,,,,

2

24
sin

1

24
sin

22

cos

cos

cos

cos

cos

2222



















+Θ
−

+Θ
×

×






 +
+

−

−−−−−+

+−−−−×

×+










 −−−+

+






 −−+




 +






 −+=








 +




 ++−







 +−




 +−

−

−

Σ

R

ee

R

ee

RrH
hR

RR

k
i

sFsFisFsFe

sFsFisFsFe

rHR
R

Reh

Reh

RerHrH

s

n
ihRRik

s

n
ihRRik

s
H

n

m
P

m
P

nm
Q

m
Q

ikh

r
P

r
P

nr
Q

r
Q

ikh

H
s

sikhH

sikhH

sikh

θθθθ

φθπη
θπ

θ

θθθθξ

θθθθ

φθη
θ

θθπθχθπτ

θθπχθξη

θθπχφθφθ

ππ
θ

ππ
θ

φ
φ

θ

θ

φφ
θ

φ

θ
φ

θ
φφ

   

(18)
 

for the azimuthal component of field, and 
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for the meridional component of field. The azimuthal ( )φθφ ,,rH
 
and meridional 

( )φθθ ,,rH  component in (18), (19) corresponds to the azimuthal and meridional 

component in (3), (4), (7) or (8) of analyzed dipole 1
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�

, 2
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, 1
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�

 or 2
ej
�

, respectively. 
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5. The numerical solution of an integral equation 

The scattering of a dipole field by the semitransparent disk can be investigated 

by solving a singular integral equation of the second kind numerically. Consider 

boundary conditions on the surface of semitransparent disk:        
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Here, ++
ττ HE
��

,  are tangential components of the electric and magnetic fields on the 

illuminated side of the semitransparent disk; −−
ττ HE
��

,  are tangential components of 
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the electric and magnetic fields on the dark side of the semitransparent disk; enumj
�

 is 

the unknown electric current on the disk; and Ẑ  is the impedance tensor with 

complex components. In the polar coordinates (Fig. 1) the boundary conditions (21) 

take the form 

.,,, __
e

num
e

num jHHjHHEEEE ρφφφρρφφρρ −=−=−== −+−+−+−+                                   (22)  

The electric current on the disk is associated with the tangential component of the 

electric field on the disk's surface through the impedance tensor Ẑ : 

,
0

0

_

_

























=















+

+

e
num

e
numrr

j

j

Z

Z

E

E

φ

ρ

φφφ

ρ
                                                                                 (23)   

where ( ) ( )
( )r

rW
rZ

H

H

rr
φ

φ

η
τ

2
0= , ( ) ( )

( )r

rW
rZ

H

H

ρ

ρ
φφ η

τ
2

0= . Consider the boundary condition 

ZjE e
num

ˆ��

=+
τ . The tangential component of the electric field consist of an electric field 

of a dipole in free space τE
�

 and an electric field of the unknown electric current 

which expresses in terms of a Green’s tensor . Thus, we obtain an integral equation of 

the second kind relative to the unknown electric current of the disk: 

).,()(ˆ),(),(),,,(ˆ φφφφφ rjrZrESdrjrrG e
numτ

e
num

S

���

=+′′′′′∫
′

                                        (24)   

Here, Ĝ  is the Green’s tensor; S′  is the surface of the disk. We use the method of 

moments and the algorithm described in [21, 22, 25] to solve the integral equation 

(24). The unknown electric current enumj
�

 shall be decomposed over basis of triangular 

elements: 

( ) ( ) ( ).,,,
0

0
0

0 ∑∑
==

−∆+−∆=
φ

φφφφ φ
φ

N

n
nn

N

n
nr

r
n

e
num rrIrrIrrj

r ���

                                                           (25) 

Here, φ
n

r
n II ,  are unknown current amplitudes; 0r

�

 is the radial unit vector; 0φ
�

 is the 

azimuthal unit vector. Basic functions with bases rT2  and φT2  have the form 
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( )

( ) ( ) ( ) ,11;1,

,0,

φφ
φ

φ
φ φ

φ

TnrTn
T

nTr
rr

rr

n

nr

+≤≤−












 −
−=−∆

=−∆

                                            (26) 

for the perpendicular magnetic dipole, and 

( ) ( ) ( )

( ) ( ) ( ) ,11;cos1,

,11;sin1,

φφ
φ

φ
φ φφ

φφ

TnrTn
T

nTr
rr

TnrTn
T

nTr
rr

n

rr
r

r
nr

+≤≤−












 −
−=−∆

+≤≤−






 −
−=−∆

                                             (27) 

for the parallel electric and magnetic dipoles. The method of moments reduces the 

problem of scattering to a system of linear algebraic equations. A matrix of the 

unknown current’s amplitudes can be determined solving this system: 

( ) .UAWI ˆˆˆˆ 1−
−=                                                                                                          (28) 

Elements of matrix of own and mutual impedances Â  are calculated by numerical 

integration of the Green's tensor components )(),(ˆ φφ rrG  and the basic functions: 

( ) ( ) ( ) .',,,,ˆ,
'

)(
)(),(

)(
)(),(

, ∫∫ ′−′∆′′−∆=
S

nr
rr

S
mr

rr
nm dSdSrrrrGrrA φφφφ φ

φφ
φ

φφ                (29) 

A representation of components )(),(ˆ φφ rrG  in spectral form was used during 

calculations of the own and "nearest" mutual impedances in the matrix Â . The basic 

function was decomposed into a two-dimensional Fourier integral over flat sheets of 

electric current. Integral over the surface S  ́ in (29) was determined by integrating 

fields of the flat sheets with components )(),(ˆ φφ rrG . A representation )(),(ˆ φφ rrG  in 

source-wise form for a ring of radial and azimuthal current in the spherical 

coordinates was used for purpose of reducing computation time in calculating the 

"distant" mutual impedances in the matrix Â . Elements of a matrix Û  which 

describes an interaction of field of a dipole and the current of the disk have the 

following form: 

( ) ( ) .,,)(
)(
∫ −∆=
S

τmr
r
m dSrErrU φφφ

φ                                                                          (30) 
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Elements of matrix Ŵ  are defined as 

( ) ( ) .,,)( )()()(),(
)(),(

, ∫ −∆−∆=
S

nrmrrr
rr

nm dSrrrrrZW φφ φφφφ
φφ                                      (31) 

The scattering field is determined by summing the field of a dipole (3), (4), (7) or (8), 

and the field of the electric current of the disk. The field of the disk’s electrical 

current is determined by numerical integration of fields of radial and azimuthal 

electrical current’s rings. The integration was performed over radius of the rings with 

amplitude distribution (25). 

 

6. The numerical and asymptotic research of scattering by the disk 

Let us consider a semitransparent disk of radius R=2λ with magnitudes and 

arguments of the reflection and transmission coefficients ( ) ( )ρηρη φρ
HH =  and 

( ) ( ) ( )ρηρτρτ ρφρ
HHH −== 1  which are shown in fig. 2. The components 

( ) ( )rZrZrr φφ=
 
of impedance tensor (23) are shown in fig. 3. These components are 

normalized to W0. 

 

Fig. 2. The distribution of magnitudes and arguments of the reflection and 

transmission coefficients: 1 – magnitude of the reflection coefficient; 2 – magnitude 
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of the transmission coefficient; 3 – argument of the reflection coefficient; 4 – 

argument of the transmission coefficient 

 

Fig. 3. The distribution of components of the impedance tensor (23) on the disk’s 

surface: 1 – normalized magnitude of the impedance; 2 – argument of the impedance 

 

Numerical results obtained using the numerical solution of the integral 

equation, the numerical integration of the Kirchhoff integral (formulas (9) and (10)) 

and the asymptotic formulas (13), (14), (18), (19) are shown in fig. 4 – 9. Figures 4 

and 5 show patterns of the parallel magnetic dipole mounted on the disk in Е-plane 








 =Σ

2
,,

πφθφ rH  and Н-plane ( )0,, =Σ φθθ rH , respectively. Figures 6 and 7 show 

patterns of the parallel electric dipole located on distance h=2λ above the disk in Е-

plane ( )0,, =Σ φθφ rH  and Н-plane 






 =Σ

2
,,

πφθθ rH , respectively. Figure 8 shows 

patterns ( )φθθ ,,rH Σ

 
of the perpendicular magnetic dipole located on distance h=1.5λ 

above the disk. Figure 9 shows patterns ( )φθφ ,,rH Σ

 
of the perpendicular electric 

dipole mounted on the disk.  
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Fig. 4. Patterns of the parallel magnetic dipole mounted on the disk in Е-plane: 1 – 

the numerical solution of the integral equation; 2 – the numerical integration of the 

Kirchhoff integral (formula (9)); 3 – the asymptotic formula (13); 4 – the asymptotic 

formula (18). 

 

Fig. 5. Patterns of the parallel magnetic dipole mounted on the disk in H-plane: 1 – 

the numerical solution of the integral equation; 2 – the numerical integration of the 

Kirchhoff integral (formula (10)); 3 – the asymptotic formula (14); 4 – the asymptotic 

formula (19)  
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Fig. 6. Patterns of the parallel electric dipole above the disk in Е-plane: 1 – the 

numerical solution of the integral equation; 2 – the numerical integration of the 

Kirchhoff integral (formula (9)); 3 – the asymptotic formula (13); 4 – the asymptotic 

formula (18)  

 

Fig. 7. Patterns of the parallel electric dipole above the disk in H-plane: 1 – the 

numerical solution of the integral equation; 2 – the numerical integration of the 

Kirchhoff integral (formula (10)); 3 – the asymptotic formula (14); 4 – the asymptotic 

formula (19)  
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Fig. 8. Patterns of the perpendicular magnetic dipole above the disk: 1 – the 

numerical solution of the integral equation; 2 – the numerical integration of the 

Kirchhoff integral (formula (10)); 3 – the asymptotic formula (14); 4 – the asymptotic 

formula (19)  

 

Fig. 9. Patterns of the perpendicular electric dipole mounted on the disk: 1 – the 

numerical integration of the Kirchhoff integral (formula (9)); 2 – the asymptotic 

formula (13); 3 – the asymptotic formula (18)  
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Figures 4-9 show that Kirchhoff approximation has good agreement with the 

numerical solution of integral equation. Also, the asymptotic formulas (18), (19) are 

good everywhere besides �10<θ  and �170>θ , and formulas (13), (14) are good in 

these regions. It make possible to calculate scattering fields in full space using 

formulas (13), (14), (18), (19). 

 

7. Sample of optimization  

Let us optimize transparency of a disk of radius R=2λ to reduce the back 

radiation of a parallel magnetic dipole located on distance h=0.05λ above the disk. 

We consider two goal parameters which are determined as a ratio of mean-square 

power in lower hemisphere of a disk to mean-square power in upper hemisphere in E- 

and H-plane. The goal parameter writes for E- and H-plane, respectively, as 

,

2
,,

2
,,

2

0

2

2

2

∫

∫

=

Σ

=

Σ








 =








 =

= π

θ
φ

π

πθ
φ

φ

θπφθ

θπφθ

drH

drH

I                                                                               (32) 

and  

( )

( )
.

0,,

0,,

2

0

2

2

2

∫

∫

=

Σ

=

Σ

=

=

= π

θ
θ

π

πθ
θ

θ

θφθ

θφθ

drH

drH

I                                                                                   (33) 

In (32), (33) the asymptotic representations of ( )φθφ ,,rH Σ  and ( )φθθ ,,rH Σ  are used 

and it assumes that ∞→r . It was assumed that the disk is perfectly conducting in its 

center (i.e. ( ) ( ) 00,00 == HH
ρφ ττ  and ( ) ( ) 10,10 == HH

ρφ ηη ). This condition allows to 

apply results to patch antennas with perfectly conducting ground.  

The goal parameters are minimized by optimization of magnitudes of reflection 

coefficients ( )ρηρ
H , ( )ρηφ

H

 
and transmission 

 
coefficients ( )ρτ ρ

H , ( )ρτφ
H  using the 

gradient optimization method for purpose of reducing the back radiation in lower 
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hemisphere. The optimal distributions of magnitude of reflection and transmission 

coefficients and components of tensor (23) are shown in fig. 10, 11. We supposed the 

argument of these coefficients is zero. Distribution of magnitude of reflection and 

transmission coefficients ( )ρηφ
H , ( ) ( )ρηρτ φφ

HH −=1  and ( )ρηρ
H , 

( ) ( )ρηρτ ρρ
HH −=1

 
is shown in fig. 10. Distribution of magnitude of tensor’s 

component ( )rZrr  and ( )rZφφ  is shown in fig. 11. These magnitudes are normalized 

to W0.  

Figures 12 and 13 show patterns of the parallel magnetic dipole located above 

the semitransparent disk of radius R=2λ with the optimal transparency in Е-plane 








 =Σ

2
,,

πφθφ rH  and Н-plane ( )0,, =Σ φθθ rH , respectively. These figures show 

curves of the numerical solution of the integral equation for the semitransparent disk 

and perfectly conducting disk of the same radius. 

 

 

Fig. 10. The distribution of the magnitude of reflection and transmission coefficients 

on the disk’s surface: 1 – magnitude of the reflection coefficient ( )ρηφ
H ; 2 – 
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magnitude of the transmission coefficient ( )ρτφ
H ; 3 – magnitude of the reflection 

coefficient ( )ρηρ
H ; 4 – magnitude of the transmission coefficient ( )ρτ ρ

H

 

 

 

Fig. 11. The distribution of components of the impedance tensor (23) on the disk’s 

surface: 1 – normalized magnitude of ( )rZrr ; 2 – normalized magnitude of ( )rZφφ  

 

Fig. 12. Patterns of the parallel magnetic dipole located above the disk in Е-plane: 1 

– the semitransparent disk; 2 – the perfectly conducting disk 
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Fig. 13. Patterns of the parallel magnetic dipole located above the disk in H-plane: 1 

– the semitransparent disk; 2 – the perfectly conducting disk 

 

Figures 12, 13 show that radiation of parallel magnetic dipole in the lower 

hemisphere is reduced when transparency increases from center to edge of the disk as 

well as argument of coefficients of reflection and transmission and components 

( )rZrr  and ( )rZφφ  
of impedance tensor (23) is zero. The front-to-back ratio of the 

parallel magnetic dipole in this case is 50.9 dB and 5.2 dB for the semitransparent 

and perfectly conducting disk, respectively.  

 

Conclusions 

Asymptotic expressions for scattering field of an arbitrarily oriented magnetic 

and electric dipole located on axis of a semitransparent disk were obtained. Formulas 

for the front-to-back ratio for dipoles oriented parallel to the disk were presented.  

Distribution of transparency for the radius of a disk 2λ was optimized which 

provide significant reducing of back radiation of parallel magnetic dipole above the 

disk.  
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